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Trigonometric Ratios 
& Identities 

1. Basic Trigonometric Identities: 

(a) sin 2 0 + cos 2 0 = 1 ; -1 < sin 0 < 1 ; -1 < cos 0 < 1 V 0 e R 

(b) sec 2 0 - tan 2 0 = 1 ; | sec 0 | > 1 V 0 e R- |(2n + l)^, ne l| 

(c) cosec 2 0 - cot 2 0 = 1 ; |cosec0|>1 V 0e R-{ra, nel} 

Solved Example # 1 

Prove that 

(i) cos 4 A - sin 4 A + 1=2 cos 2 A 

tanA + secA-1 1 + sinA 
tanA-secA + 1 ~~ cos A 

Solution 

(i) cos 4 A - sin 4 A + 1 

= (cos 2 A - sin 2 A) (cos 2 A + sin 2 A) + 1 
= cos 2 A - sin 2 A + 1 cos 2 A + sin 2 A = 1] 

= 2 cos 2 A 



4m 
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sec 0 - tan 0 = — - and if sec 0 
2m 


m + - 


4m 


sec 0 - tan 0 = - 2m 


Self Practice Problem 


1. Prove the followings : 

(i) cos 6 A + sin 6 A + 3 sin 2 A cos 2 A = 1 

(ii) sec 2 A + cosec 2 A = (tan A + cot A) 2 

(iii) sec 2 A cosec 2 A = tan 2 A + cot 2 A + 2 

(iv) (tan a + cosec P) 2 - (cot p - sec a) 2 = 2 tan a cot p (cosec a + sec p) 

( 1 , 1 1-sin 2 acos 2 a 

(v) 5 2 — + 5 “ 5 — cos 2 asin 2 a= —5 5 — 

vsec a-cos a cosec a- sin a) 2 + sin acos a 


2 . 


If sin 0 


m 2 + 2mn 
m 2 + 2mn + 2n 2 


, then prove that tan 0 = 


m 2 + 2mn 
2mn + 2n 2 


2. Circular Definition Of Trigonometric Functions: 



If 0 

is any angle, then - 0, 90 ± 

0, 180 ±0, 

270 ± 

0, 360 ± 0 etc. are called Allied Angles 

(a) 

sin (- 0) = 

- sin 0 

cos 

(- 6) = 

= COS0 

(b) 

sin (90° - 

0) = COS0 

cos 

(90°- 

0) = sin 0 

(c) 

sin (90° + 

0) = COS0 

cos 

(90° + 

0) = - sin 0 

(d) 

sin (180° 

- 0) = sin0 

cos 

(180° 

- 0) = - COS0 

(e) 

sin (180° 

+ 0) = - sin 0 

cos 

(180° 

+ 0) = - COS0 

(f) 

sin (270°- 

- 0) = - COS0 

cos 

(270° 

- 0) = - sin0 

(9) 

sin (270° 

+ 0) = - COS0 

cos 

(270° 

+ 0) = sin 0 


(h) tan (90 °- 0) = cot0 ; cot (90 °- 0) = tan0 

Solved Example # 4 

Prove that 

(i) cot A + tan (180 s + A) + tan (90 s + A) + tan (360 s - A) = 0 

(ii) sec (270 s - A) sec (90 s - A) - tan (270 s - A) tan (90 s + A) + 1 = 0 


Solution 

(i) cot A + tan (1 80 s + A) + tan (90 s + A) + tan (360 s - A) 

= cot A + tan A - cot A - tan A =0 

(ii) sec (270 s - A) sec (90 s - A) - tan (270 s - A) tan (90 s + A) + 1 
= - cosec 2 A + cot 2 A +1=0 

Self Practice Problem 

3. Prove that 

(i) sin 420 s cos 390 s + cos (-300 s ) sin (-330 s ) = 1 

(ii) tan 225 s cot 405 s + tan 765 s cot 675 s = 0 
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4 . 


Graphs of Trigonometric functions: 

(a) y = sin x xe R; ye [-1, 1] 



(b) y = cos x xe R; ye [-1, 1] 


H 1 1- 


— 7r/2 




271 


-1 


(c) y = tan x x e R - (2n + 1 ) ji/ 2, nel; ye R 


— k/2 

0 

V 1 

/n/2 

K 

fs 




y 

3 



(d) y = cot x xeR-mt,neI; yeR 



(e) y = cosec x x e R - nn , n e I ; y e (- <=°, - 1] u [1 , °°) 



(f) y = sec x 


xe R - (2n + 1 ) ji/2, nel; y e (- - 1 ] u [1 , °°) 
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Solved Example # 5 

Find number of solutions of the equation cos x = |x| 

Solution 


\ y ' 

1 

& 

n 

~2 / 

it / \ 

/\\~2 / \ 

V / Xz ° 

Xl \ / X 


y = cosx 


Clearly graph of cos x & |x| intersect at two points. Hence no. of solutions i 

Solved Example # 6 

Find range of y = sin 2 x + 

Solution 

We know - 1 < sin x < 1 
=> 0 < iin x +1 < 2 

=> 2 < (sin x +1 ) 2 + 2 < 

Hence range is y e [2, 6] 

Self Practice Problem 




4. 

5. 


Show that the equation sec 2 0 = 


4xy 


(x + y) 

Find range of the followings. 

(i) y = 2 sin 2 x + 5 sin x +1 V x e R 


2 is only possible when x = y ^ 0 
Answer [-2, 8] 


(ii) 


y = cos 2 x - cos x + 1 V x e R 


Answer 


I 3 


6 . 

5 . 


Find range of y = sin x, x e 


^ 2 * 

3 


Answer 


_1 V3 _ 
’ 2 


Trigonometric Functions of Sum or Difference of Two Angles: 

(a) sin (A ± B) = sinA cosB ± cosA sinB 

(b) cos (A ± B) = cosA cosB+ sinA sinB 

(c) sin 2 A - sin 2 B = cos 2 B - cos 2 A = sin (A+B). sin (A- B) 

(d) cos 2 A - sin 2 B = cos 2 B - sin 2 A = cos (A+B). cos (A - B) 

tan A ± tan B 
< e ) tan ( A±B )= lTt anAtanB 


cot A cot B + 1 
( f ) cot (A ± B) = cotB±cotA 
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tan A + tan B + tanC-tan A tan B tan C 
tan (A + B + C) = 1 - tan A tan B- tan B tan C- tan C tan A ' 


Solved Example # 7 

Prove that 

(i) sin (45 s + A) cos (45 s - B) + cos (45 s + A) sin (45 s - B) = cos (A - B) 

(ii) tan (f + e ) tan [^ + e ] = “1 

Solution 

(i) Clearly sin (45 s + A) cos (45 s - B) + cos (45 s + A) sin (45 s - B) 

= sin (45 s + A + 45 s - B) 

= sin (90 s + A - B) 

= cos (A - B) 

(ii) tan (f + e ) * tan [^ + e ] 


1 + tane -1 + tane 
1-tane * 1 + tane 



6. Factorisation of the Sum or Difference of Two Sines or 
Cosines: 


C+D C-D 

(a) sinC + sinD = 2 sin— — cos— — 

C+D C-D 

(c) cosC + cosD = 2 cos — — — cos— — 

Solved Example # 8 

Prove that sin 5A + sin 3A = 2sin 4A cos A 

Solution 

L.H.S. sin 5A + sin 3A = 2sin 4A cos A 

C+D C-D 

[y sin C + sin D = 2 sin cos ] 

2 2 

Solved Example # 9 

Find the value of 2 sin 30 cos 0 - sin 40 - sin 20 

Solution 

2 sin 30 cos 0 - sin 40 - sin 20 = 2 sin 30 cos 0 - [2 sin 30 cos 0 ] = 0 


C+D C-D 

(b) sinC - sinD = 2 cos— — sin — — 

C+D C-D 

(d) cosC-cosD = -2 sin— — sin— — 


= R.H.S. 


Self Practice Problem 
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Proved that 

(i) 


(iii) 

(iv) 

(v) 


13x 3x 

cos 8x - cos 5x = - 2 sin — — sin — 

2 2 


sin — (ii) 


sinA + sin3A + sin5A + sin7A 
cos A + cos 3 A + cos 5 A + cos 7A 

sinA + 2sin3A + sin5A sin3A 


= tan 4A 


sin3A + 2sin5A + sin7A sin5A 

sinA-sin5A + sin9A-sin13A 
cos A - cos 5A - cos 9 A + cos 1 3 A 


sinA + sin2A A 

cos A -cos 2 A ~ COt 2 


= cot 4A 


7. Transformation of Products into Sum or Difference of Sines & 
Cosines: 


(a) 2 sinA cosB = sin(A+B) + sin(A-B) 

(c) 2 cosA cosB = cos(A+B) + cos(A-B) 

Solved Example # 10 

Prove that 

sin 80 cos 0 - sin 60cos 30 


(i) 

(ii) 

Solution 

(i) 


(ii) 


cos 20cos 0 - sin 30 sin 40 
tan 50 + tan 30 


= tan 20 


tan 50 -tan 30 


= 4 cos 20 cos 40 


/ 


2 sin 80 cos 0 - 2 sin 60 cos 30 
2cos20cos0-2sin30sin40 

sin 90 + sin 7ft -sin 90 -sin 30 
cos 30 + cos 0 - cos 0 + cos 70 


(b) 2 cosA sinB = sin(A+B) - sin(A-B) 

(d) 2 sinA sinB = cos(A-B) - cos(A+B) 



2 cos 50 cos 20 


= tan 20 


tan50 + tan30 sin50cos30 + sin30cos50 sin80 
tan50-tan30 ~~ sin50cos30-sin30cos50 - sin20 


= 4 cos20 cos 40 


Self Practice Problem 

0 70 30 1 10 

11. Prove that sin — sin — + sin — sin = sin 20 sin 50 

2 2 2 2 


12. Prove that cos A sin (B - C) + cos B sin (C - A) + cos C sin (A - B) = 0 

n 9n 3 n 5 n 

13. Prove that 2 cos — cos — + cos — + cos — = 0 

I O I O I O I o 

8. Multiple and Sub-multiple Angles : 


(a) 

(b) 

(c) 


0 0 

sin 2A = 2 sinA cosA ; sin 0 = 2 sin— cos — 

2 2 

0 0 

cos 2A = cos 2 A - sin 2 A = 2cos 2 A- 1 = 1-2 sin 2 A; 2 cos 2 — = 1 + cos0, 2 sin 2 — = 1 - cos0. 

2 2 

2 tan A 2tanf 

tan2A=: — ; — ^r;tan0=- 


1-tan A 


1-tan 


(d) 


2 tan A 1-tan 2 A 

sin 2A =- — : — +— , cos 2A = - 
1 + tan 2 A 


1+tan 2 A 
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(e) sin 3A = 3 sinA- 4 sin 3 A 


(f) cos 3A = 4 cos 3 A - 3 cosA 


(g) 


tan 3A = 


3 tan A -tan 3 A 
1-3tan 2 A 


Solved Example # 11 

Prove that 

(i) 


sin2A 
1+ cos 2 A 


= tan A 


(ii) 


tan A + cot A = 2 cosec 2 A 


(iii) 

Solution 

(i) 

(ii) 

(iii) 


1-cosA + cosB-cos(A + B) A B 

1 + cos A - cosB - cos(A + B) = tan ~2 COt "2 


L.H.S. 


sin2A 
1 + cos 2 A 


2sin AcosA 

— I 2 ~r — = tan A 

2 cos A 


. , , _ . A 1 + tan A 

L.H.S. tan A + cot A = — = 2 

tan A 

1 - cos A + cosB - cos( A + B) 


( . , 4. 2 A \ 


= 2 cosec 2 A 


L.H.S. 


1 + cos A - cosB - cos( A + B) 


„ . 2 A _ . A . T A D 
2sin — + 2sin— sin — + B 


2 cos 2 — - 2 cos— cosf — + B 


= tan 


A (A 

sin — + sin — + B 

2 U 

A TA- 

cos cos — + B 

2 2 



= tan 


o ■ A+B . B 

2sin sin — 

2 2 , 


A B 

= tan — cot — 
2 2 


Self Practice Problem 


sin0 + sin20 

14. Prove that — = tan0 

1 + cos0 + cos20 


3 

15. Prove that sin 20 s sin 40 s sin 60 s sin 80 s = — 

16 

16. Prove that tan 3A tan 2A tan A = tan 3A - tan 2A - tan A 

17. Prove that tan [ 45a+_ ^") = sec A + tan A 

9. Important Trigonometric Ratios: 


(a) sin nrc = 0 


cos n7t = (-1 ) n ; tan n 7t=0, where n e I 
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(b) 


tan 


V3-1 


V3-1 


5k 

2V2 

: cos 75° or cos — 

V3+1 

= sin 75° or 

5k 

2V2 

T2 

-V3 = cot 


V3+1 

: 75° ; tan 75° 

= V3-1 


K a/5-1 K V5+1 

(c) sin— or sin 18° = & cos 36° or cos— = 

w 10 4 54 


10. Conditional Identities: 

If A + B + C = rc then : 


(i) sin2A + sin2B + sin2C = 4 sinA sinB sinC 

ABC 

(ii) sinA + sinB + sinC = 4 cos— cos— cos — 

2 2 2 



(iii) cos 2 A + cos 2 B + cos 2 C = - 1 - 4 cos A cos B cos C 

S A B 

(iv) cos A + cos B + cos C = 1 + 4 sin— sin— sin-f 


(v) tanA + tanB + tanC = tanA tanB tanC 

A B B C C A 

(vi) tan— tan— +tan— tan— +tan— tan — 

2 2 2 2 2 2 

A B C A B 

(vii) cot— + cot— + cot— = cot—, cot—, cot 

2 2 2 2 2 

(viii) cot A cot B + cot B cot C + cot C cot A = 1 



(ix) A + B + C = — then tan A tan B + tan B tan C + tan C tan A = 1 

Solved Example # 12 

If A + B + C = 180°, Prove that, sin 2 A + sin 2 B + sin 2 C = 2 + 2cosA cosB cosC. 

Solution. 

Let S = sin 2 A + sin 2 B + sin 2 C 
so that 2S = 2sin 2 A + 1 - cos2B +1 - cos2C 
= 2 sin 2 A + 2 - 2cos(B + C) cos(B - C) 

= 2-2 cos 2 A + 2 - 2cos(B + C) cos(B - C) 

S = 2 + cosA [cos(B - C) + cos(B+ C)] 
since cosA = - cos(B+C) 

S = 2 + 2 cos A cos B cos C 


Solved Example # 13 

2y 2z 
1-y 2 1-z 2 

Solution. 

Put x = tanA, y = tanB and z = tanC, 
so that we have 

tanA + tanB + tanC = tanA tanB tanC => A + B + C = nn, where n e I 

Hence 

L.H.S. 


If x + y + z = xyz, Prove that 


2x 

1-x 2 


2y 

1-y 2 


2z 

1-z 2 


2x 

1-x 2 
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2x 


2y 


2z 


2 tan A 


2tanB 


2tanC 


1-x 2 T 1-y 2 + 1-z 2 1-tan 2 A ’’’ 1-tan 2 B ^ 1-tan 2 C' 

= tan2A + tan2B + tan2C , v A + B + C = mt ] 

= tan2A tan2B tan2C 


2x 

1-x 2 


2y 


2z 


1-y 2 ' i_ 


Self Practice Problem 

18. If A + B + C = 180°, prove that 

B — C c — A a — B 

(i) sin(B + 2C) + sin(C + 2A) + sin(A + 2B) = 4sin — - — sin — - — sin — - — 

sin2A + sin2B + sin2C ABC 

(ii) — —7 — : — — — =8 sin— sin— sin—. 

sinA + sinB + sinC 2 2 2 

19. If A + B + C = 2S, prove that 

(i) sin(S - A) sin(S - B) + sinS sin (S - C) = sinA sinB. 

ABC 

(ii) sin(S - A) + sin (S - B) + sin(S - C) - sin S = 4sin — sin — sin — . 


11. Range of Trigonometric Expression 


E = a sin 0 + b cos0 


E = *Ja 2 +b 2 sin (0 + a), where tan a = — 


= ^a 2 +b 2 cos (0 - (3), where tan p = — 

Hence for any real value of 9*^Ja 2 + b 2 < B < -yja 2 +b 



Solved Example # 14 


Find maximum and minimum values of following : 


(i) 

(ii) 

Solution. 

(i) 


(ii) 


3sinx + 4cosx 
1 + 2sinx + 3cos 2 x 

We know 

- V 3 2 + 4 2 < 3sinx + 4cosx < V 3 2 + 4 2 

- 5 < 3sinx + 4cosx < 5 
1+ 2sinx + 3cos 2 x 

= - 3sin 2 x + 2sinx + 4 


2 2sinx 

= - 3 ] sin x —| +4 


= _ 3 |s ,nx -l) 


, 11 16 
Now 0 <]sinx-- < — 


16 ( ■ 1 . 

— < - 3 I sin x — — | <0 
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f . 13 13 

- 1 £-3[s,nx--j +y , y 

Self Practice Problem 

20. Find maximum and minimum values of following 


(i) 

3 + (sinx -2) 2 

Answer 

max = 12, 

min = 4 

(ii) 

1 0cos 2 x - 6sinx cosx + 2sin 2 x 

Answer 

max = 11 , 

min = 1 . 

(iii) 

cose + 3 V2 sin [ e + ^j + 6 

Answer 

max = 11 , 

min = 1 

Sine 

and Cosine Series: 





sin a + sin (a + p) + sin (a + 2(3 ) + + sin (a + n- ip) = p sin |^ a + 2 P 


cos a 


/ \ sin ^ f n -1 

+ cos (a + p) + cos (a + 2p ) + + cos|a + n - Ip) = p cos P 


Solved Example # 15 

Find the summation of the following 


(i) 

(ii) 


Solution. 


(i) 


2 n 


4k 


cos— + cos— + cos 


6k 

T 


n 


2k 


3k 


cos— + cos— + cos— + cos— + cos— + cos 


7 


7 


7 


71 3n 5k Ik y k 

(ill) COS— + COS— + COS— + COS— + cos - 


11 


11 


2;t 6 tt 

T + T . 3ju 


2k 4k 6k cos ? 

cos— + cos— + cos— = 

7 7 7 . k 

sin — 
7 


sin 



471 . 371 
cos — sin — 
7 7 

. K 

sin — 

7 


371 . 371 
-cos — sin — 
7 7 

. K 

sin — 

7 


sin- 


6tt 


2sin- 


2 

2 


(ii) 


K 2k 37T 

COSy + COS— + COS — 


47: 5k 6k 

+ cos— + cos— + cos — 
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7i 6n 

— + — 

7 7 


cos 



2 


V 


/ 


sin- 


671 

i — 

14 


71 . 671 

cos— sin — 
2 14 


sin- 


14 


sin- 


71 

'14 


= 0 


7i 3n 5n 7n Qn 

(in) C0S: pj' + C0S TT + C0S TT + C0S TT + C0S TT 


1071 . 57T 

cos sin — 

22 11 


sin- 


71 

TT 


sin 


1 Ott 
11 


2sin- 


2 

2 


11 


Self Practice Problem 

Find sum of the following series : 


TT 3tt 5tt 
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